The gravitino of mass 10-100 GeV is a well motivated scenario in supergravity. If the stau is the next lightest supersymmetry particle, its life-time becomes order of 10 6−8 sec. If it is the case the stau makes a big impact on the nuclear fusion, since it is a charged particle. In this paper we perform a detailed calculation of a stau-catalyzed d-t fusion. We find that if certain technical conditions are satisfied, it is not hopeless to use the nuclear fusion as a source of energy.
§1. Introduction
The gravitino mass m 3/2 is one of the most important parameter in supergravity, since it determines the scale of supersymmetry (SUSY) breaking. From the phenomenological point of view, the gravitino mass can be in the range from 1 eV to 100 TeV. The gravitino of mass O(10) GeV is particularly interesting, since it can be a dominant component of the DM in the universe 1) and the thermal leptogenesis 2) becomes consistent with cosmology if m 3/2 ≃ 10 − 100 GeV. If it is indeed the case, the next lightest SUSY particle (NLSP) has a long lifetime of order 10 6−8 sec. The most natural candidate of the NLSP is the bino-like neutralino or the scalar partner of the tau lepton stau ( τ ). * ) If the τ is the NLSP and it has a long lifetime, it may give impact on the big bang nucleosynthesis and the nuclear fusion as a charged catalyst.
* * ) Effect of such negatively-charged and long-lived massive particle for the production of light elements in the big bang has been extensively studied (see e.g. the review, Ref.10).) Also, three of the present authors (K.H, T.H. and T.T.Y.) have discussed the effects of long-lived τ on the d-d nuclear fusion as a possible energy source.
11) Advantages as well as (serious) problems of the d-d and d-t fusion catalyzed by massive charged particles have been also discussed before 12), 13) in analogy with the muon catalyzed fusion.
The purpose of this paper is to present a detailed quantum three-body calculation of the τ -catalyzed d-t nuclear fusion, τ + d + t → α + n + τ , especially its fusion rate and the sticking probability. Although it is certainly necessary to develop new technology to make such catalyzed fusion as a new source of energy, the present calculation would give one of the basis for such development.
Note that the following discussion is model-independent and applicable to any heavy charged particle with a sufficiently long lifetime. For instance, charged Wino NLSP can have a long lifetime if its mass is degenerate with the neutral Wino LSP. (See Ref. 14) for candidates for charged massive particles in various particle physics models beyond the Standard Model.) Thus, the "stau" in the following analysis can be replaced with any long-lived charged particle. * ) The above scenario is well realized in gauge mediation of SUSY breaking. It is remarkable that the Higgs boson mass around 125 GeV suggested in the recent report of the LHC experiments 3), 4) can be easily explained if one considers the Higgs-messenger mixing 5) or extra matters 6) in gauge mediation models. The latest LHC result has placed a lower bound on the stau mass as m τ > ∼ 221 GeV.
7) * * ) The stau decay may also destroy the success of BBN. The cosmological problems caused by the catalysis, and by the stau decay, can be solved by a late-time entropy production 8) or an enhanced coupling of stau to Higgs boson 9) in the SUSY standard model. §2. Outline of the stau-catalyzed fusion in D-T mixture
Let us first outline how the d-t fusion catalyzed by τ proceeds inside the D-T mixture with a wide range of temperature 10 K < ∼ T < ∼ 1000 K. Suppose that a free τ is stopped in the D-T mixture, and the formation of the 1s state of the τ t and τ d atom occurs through the capture process to the higher orbit, τ + (te − ) → ( τ t) + e − and τ + (de − ) → ( τ d) + e − , followed by the de-excitation to their 1s states. * )
The basic d-t fusion reaction is
The reaction rate of this process is enhanced by the charge neutral τ t and τ d bound states in D-T mixture through the catalyzed processes
2)
Essential mechanism of the τ calalyzed fusion is similar to the muon catalyzed fusion: the long range Coulomb barrier is screened by the formation of neutral bound states tabulated in Table I . Moreover, due to the large τ mass (> 100 GeV) and small size (15 fm or less) of τ t and τ d , the short range Coulomb repulsion is screened and even turns into an attraction which does not happen in the case of µ-catalyzed fusion where µt and µd have a large size of about 250 fm. We will show in the later sections by the fully quantum mechanical threebody calculations that the reaction rates of (2 . 2) and (2 . 3) are enhanced and the averaged reaction rate λ f becomes 2.6 × 10 8 s −1 independent of the temperature of the D-T mixture under consideration.
In the above reactions, there is always a possibility of forming τ α bound states in the final state. Once such a sticking process takes place, sticked τ can no longer be used as a catalyzer, so that the catalyzed fusion process is eventually stopped by the sticking. We calculate this sticking probability to beω s = 1.5 × 10 −3 as shown later, so that the energy product per τ is estimated as Q/ω s ≃ 12 GeV. §3. Model and method Before entering the stau-catalyzed three-body reactions (2 . 2) and (2 . 3), we first calculate the cross section of the standard reaction (2 . 1) by taking the same three-body calculation * ) Note that there is no three-body bound state of ( τ dt), which we have checked explicitly by a threebody calculation. This is different from the case of τ -d-d system discussed in Ref. 
as seen in nuclear optical-model potentials. Since there are no other open channel than the entrance and exit channels in (2 . 1) at the energies concerned here, the absorption cross section due to the imaginary potential represents the reaction cross section to the exit α + n channel. We determine the potential V nucl d-t (r) so as to reproduce the observed cross section (S-factor) of (2 . 1) at low energies ( < ∼ 1 MeV).
Next, we incorporate this complex potential V 
where the kinetic-energy operator is equivalent for c = 1 − 3. We solve the Schrödinger equation (H − E total ) Ψ JM = 0 for the elastic scattering between τ t and d and that between τ d and t. The absorption cross section obtained in this scattering calculation is considered to give the reaction cross section of the stau-catalyzed reactions (2 . 2) and (2 . 3).
In the following, we explain our method taking the case of τ t + d reaction on c = 1 (similarly for the τ d + t on c = 2). The total wave function with the angular momentum J and its z-component M is written as where φ 
where u (−) and u (+) are the asymptotic incoming and outgoing wave function, and
1s being the energy of ( τ d) 1s . The second term of (3 . 3), Φ (corr.) JM , is introduced to describe the short-range correlation along the coordinate r 3 due to the strong nuclear interaction V is asymptotically vanishing amplitude, it is expanded in terms of three-body Gaussian basis functions 17) as 6) where the Gaussian ranges are postulated to lie in a geometric progression:
After solving the Schrödinger equation to determine S J 1→1 and b nl,N L , 17), 16) we derive the absorption cross section by
This absorption cross section is alternatively expressed as
where v 1 is the c.m. velocity of the incident channel (c = 1). It is to be noted that the two equivalent σ(E) utilize information from quite different parts of the three-body wave function Ψ JM , namely, the information from the asymptotic part along R 1 in the former expression and that from the internal part along r 3 in the latter. Therefore, it is a severe test of the numerical accuracy of the three-body calculation to examine the agreement between the two types of σ(E). In our calculation below, we obtained a precise agreement between their numbers in four significant figures. The reaction rate σv at temperature T is expressed as
where k is the Boltzmann constant. It is noted here that if, as we shall meet below, σ(E) ∝ 1/ √ E, then the rate σv becomes independent of temperature T . §4. Calculated results
Interactions
As for the the complex potential V nucl d-t (r), we take the same one as used in the study of muon catalyzed d-t fusion in Ref. 18) , where the fusion rate and the αµ sticking probability in the dtµ molecule were calculated using V 
The screened Coulomb potential (thick solid line) is attractive everywhere. The folded nuclear potential is more attractive than this Coulomb potential. Moreover, t in τ t (d in τ d)
is moving with an averaged kinetic energy of 72 keV (48 keV). We can thus expect a huge enhancement of the fusion reaction rate at low energies compared with the bare d-t fusion and the muon-catalyzed d-t fusion-in-flight of the d-tµ and t-dµ systems. * ) Therefore, it is of particular importance to describe properly the short-range d-t relative motion at the moment of the fusion. This is not satisfactorily done by the first scattering term of (3 . 3) since it does not explicitly include the d-t coordinate (r 3 ), but is well realized by the second term, Φ (corr.) JM , using the basis functions φ nl (r 3 ) along the d-t coordinate. We took the Gaussian parameters as {n max = 10; r min = 0.2 fm, r max = 10.0 fm} for φ nl (r 3 ) and {N max = 15; R min = 1.0 fm, R min = 50.0 fm} for ψ N L (R 3 ). But, we found in the actual calculations below that l = L = J = 0 is sufficient for the low energies (E < ∼ 10 1 eV) concerned in the present paper.
We assume infinitely heavy stau. However, as studied in Ref. 16 ), results of the staucatalyzed reaction are known to depend little (by a few percents) on the mass of stau ( > ∼ 100 * ) In the d + t + µ system, the d-t Coulomb barrier at short range is not screened by muon (the muon Bohr radius is some 250 fm); this can be understood, in Fig. 3 , by changing the sign of the two Coulomb potentials in the dashed and dotted lines. Furthermore, the kinetic energy of d in dµ (t in tµ) is negligibly small compared with that of d in τ d (t in τ t).
GeV) except for the case of specific resonant reactions.
Fusion rate
We calculated the reaction (absorption) cross section σ(E) of the τ t + d reaction (2 . 2) for the energy region of 10 −4 eV < ∼ E < ∼ 10 2 eV (we are particularly interested in 10 K < ∼ T < ∼ 1000 K, namely, 10 −3 eV < ∼ E < ∼ 10 −1 eV). We found that contribution from J > 0 is negligible and the cross section is well represented by
which follows the usual 1/v-law for low energy reactions with a neutral-charge particle (here τ d).
* ) With the E-dependence of the cross section in (4 . 1), the rate σv for the τ t + d reaction (2 . 2) is expressed independently of T , for kT < ∼ 10 1 eV, as
Similarly, the reaction cross section of the τ d + t reaction (2 . 3) is obtained as
for E < ∼ 10 2 eV. The reaction rate σv τ d+t is expressed, for kT < ∼ 10 1 eV, as * * )
From the results (4 . 2) and (4 . 4), we can say that, for temperature T < ∼ 10 5 K, the staucatalyzed d-t fusion occurs with the same rate at any T . For the density n ≃ 4.25 × 10 22 atoms/cm 3 , irrespective of gas-, liquid-and solid-phases of the D-T mixture, the above reaction rates lead to λ f ≃ n σv ≃ 2.6 × 10 8 s −1 , independently of temperature, on the average of (4 . 2) and (4 . 4).
The formation rate of the 1s state of the τ t ( τ d) atom in the D-T mixture is expected to be much faster than the above fusion rate. Then, the cycling rate, λ c , of the stau-catalyzed fusion is given by λ c ≃ 2.6 × 10 8 s −1 , which is compatible with the the largest λ c achieved so far in the muon-catalyzed d-t fusion experiment. The time scale of the one cycle is given by 1/λ c = 3.8 × 10 −9 sec. * ) If we omit, in (3 . 3), the second term Φ (corr.) JM for describing the strong d-t nuclear correlation along r 3 , the cross section becomes smaller by one order.
* * ) If we employ another (longer-ranged) set of nuclear interaction in Ref. 16 ), namely {V 0 = −16.0 MeV, R 0 =5.0 fm, a 0 = 0.3 fm} for the real part and {W 0 = −0.28 MeV, R I = 2.5 fm, a I = 0.3 fm} for the imaginary part, we obtain σv τ t+d = 2.0 × 10 −15 cm 3 s −1 and σv τ d+t = 9.5 × 10 −15 cm 3 s −1 , which is close to the result in (4 . 2) and (4 . 4), respectively.
Sticking probability
In the exit channel of the fusion reactions (2 . 2) and (2 . 3), some fraction of the α particles may be trapped by τ and form a Coulomb bound state τ α, though most of them escape into the τ α continuum states. If this τ α-sticking process happens, the fusion chain will be terminated. The probability of sticking to the bound states gives a stringent constraint on the number of fusion reactions per τ . For the muon-catalyzed fusion, the sticking probability is known to be about 1% (15%) for dtµ (ddµ).
In the sudden approximation where the instantaneous dt fusion does not affect the states of infinitely heavy τ , the sticking probability for the fusion-in-flight may be estimated from an overlap integral of the initial and final state wave functions in the same manner of the sticking after fusion in the dtµ (ddµ) molecule: * )
where Φ i (r) is the initial scattering wave function (3 . 3) at the instant of fusion (r 3 = 0):
and φ f (r) denotes a normalized final state ( τ α) f and k f is the wave vector of the relative motion between n and τ α determined by the relation 2 k 2 f /2m n + E f = 17.6 MeV. The summation in (4 . 5) is over all the bound states ( τ α) f (we have ω s = 1 if the summation is taken over all the τ α states including the continuum).
Calculated τ α-sticking probability ω s and its partial components ω s, f are listed in Table   II for the reactions (2 . 2) and (2 . 3). * * ) If we average the two values of ω s taking the magnitude * ) For the fusion-in-flight, the sticking probability is derived as follows according to the reaction theory (see Ref. 19 ) for more details): In the reaction (2 . 2), we consider that the d and α are composed of n + p and t + p, respectively, and p in d is transferred to t to form α. The transition matrix T f to the final state f in the τ α atom is exactly expressed with the obvious notation as
is the exact wave function of the reaction (2 . 2). If we assume V nt (r nt ) ∝ δ(r nt ), V np (r np ) ∝ δ(r np ) and ψ α (r tp ) ∝ δ(r tp ), which leads to r αn = 0 and r τ n = r τ α (≡ r), and replace Ψ exact scatt. by our Ψ JM in (3 . 3), we then obtain T f ∝ φ f (r) exp(ik f · r) | Φ i (r) , which is used in (4 . 6).
* * ) If we employ another set of nuclear interaction that was mentioned in one of the previous footnotes, we obtain the sticking probability ω s ≃ 1.4 × 10 −3 (1.8 × 10 −3 ) for the τ t + d ( τ d + t) reaction, which is the same as the result in Table II. Even if we omit, in (3 . 3), the second term Φ (corr.) JM for describing the strong d-t nuclear correlation along r 3 , the sticking probability ω s,f does not change significantly since the second term works to increase much the cross section but almost equally for all the final states. of the reaction rates (4 . 2) and (4 . 4) as averaging weight, we haveω s = 1.5 × 10 −3 . This is several times smaller than ω s (≃ 0.01) in the muon-catalyzed d-t fusion in the dtµ molecule.
The sticking probability listed in Table II does not depend on the energy (for E < ∼ 10 1 eV) concerned in this paper. This is because of the following reason: Integration up to only r ≃ 15 fm contributes to the numerator of Eq. (4 . 6). In this region, as seen in Fig. 2 , the incident energy is negligibly small compared with the depth of the attractive Coulomb and nuclear potentials.
Since the number of fusion cycles available before terminating due to the sticking loss of τ is given by 1/ω s (assuming no reactivation of sticked τ ), the energy product E τ dt per τ is shallower than 4.5 eV is required). Moreover, the sticking probability after the fusion in the atom is ω s ≃ 0.03. As for the stau-catalyzed d-d fusion-in-flight, the sticking probability is ω s ≃ 0.02, whereas the Q-value is about 3.7 MeV (average of Q = 3.3 MeV for d+d → n+ 3 He and Q = 4.0 MeV for d + d → p + t). Thus, the energy product E τ dd per τ is estimated to be E τ dd ≃ 3.7 MeV/0.02 ≃ 0.15 GeV (assuming no reactivation of sticked τ ), which is much smaller than E τ dt ≃ 12 GeV. §5. Discussion
Let us now briefly discuss a possible production of the staus in the laboratory. We consider the µ + N (nucleon) scattering with a fixed nuclear target. The stau-production cross section depends on the spectrum of SUSY particles. In order to have an optimistic estimate of the number of produced stau, let us estimate the slepton-production cross section by using the sparticle production cross section in cosmic ray neutrino-nucleon scattering studied e.g., in Ref. 21 GeV) to produce a single stau. * * ) On the other hand, one stau could reproduce ≃12 GeV energy for a single chain (namely, 1/ω s cycles) of the d-t fusion as we have discussed in §3. Therefore, to make the present stau-catalyzed d-t fusion to be of practical use, we need to recycle the stau at least 10 13 times, even if the above optimistic estimate holds. For the recycling, we should collect the inactive τ α atoms and strip the α particle from the stau. It is beyond the scope of the present paper to investigate possible reactivation mechanisms.
As shown in §4.2, the time scale of the one cycle of the stau-catalyzed d-t fusion is 3.8 × 10 −9 sec. This leads to the time scale of a single chain which is estimated as 3.8 × 10 −9 sec/(1.5 × 10 −3 ) = 2.5 × 10 −6 sec. Assuming that we find a sufficiently fast reactivation mechanism of stau, the lifetime of the stau should be longer than 2.5 × 10 −6 sec × 10 13 = 2.5 × 10 7 sec ≃ 300 days at least for the output energy to exceed the input energy. In order to make the present stau-catalyzed nuclear fusion an interesting source of energy, we thus need to find a more efficient mechanism and/or technology for the stau production.
Other than catalyzing the nuclear d-t fusion, negatively charged τ may also provide a new tool in nuclear physics. Indeed, if the τ is embedded in heavy nuclei, it will form exotic Coulomb bound states with their level structures affected by the charge distribution of the nuclear interior. Namely, the long-lived stau may be used as a probe of the deep interior of heavy nuclei. * ) This model point is already excluded by the LHC, 23) but we use it just for illustration. * * ) This is, of course, an overoptimistic guesstimate. It will cost much more than 1000 TeV to create a 1000 TeV muon, and it will not be easy to capture all the high-energy staus produced.
